From almost every respect, the lowest-order dilatational waves in thin plates and rods are very similar. Therefore, it is rather intriguing that fluid loading increases the phase velocity of such waves in a plate, but decreases it in a rod. Although this difference can be easily demonstrated by inspection of the well-known exact dispersion equations, the underlying physics remains somewhat obscure. Simple physical models are introduced for thin immersed rods and plates that provide a better insight into the fundamental difference causing the opposite behavior of these otherwise analogous modes of wave propagation. It is shown that the inverse effect of fluid loading is caused by the fact that the radiation impedance exerted by the fluid on plates is purely real while it is dominantly imaginary in the case of thin rods.
INTRODUCTION
At low frequencies, only the lowest-order symmetric longitudinal and antisymmetric flexural modes can propagate in thin plates. In rods a dispersion-free torsional mode can also propagate in addition to the longitudinal and flexural modes. The lowest-order longitudinal modes in thin plates and rods are physically very similar. Figure 1 shows the schematic diagram of a thin plate and a rod along with the coordinate system to be used in our analysis and the deformation pattern caused by the lowest-order dilatational mode. At sufficiently low frequencies, the displacement along the propagation (x) direction dominates the vibration. In a thin plate the Poisson effect causes a weaker transverse vibration perpendicular to the surface of the plate, which is less than the longitudinal displacement by a factor proportional to d/(1Ϫ), where denotes the angular frequency, d is the thickness of the plate, and is the Poisson ratio. In other words, the Poisson effect causes the plate to breathe in a direction perpendicular to the direction of wave propagation as shown in Fig. 1͑b͒ . The lowest-order axisymmetric mode propagating in a thin rod exhibits a similar breathing behavior. The displacement along the axis of the rod dominates the vibration while the radial displacement caused by Poisson's effect is less than the longitudinal displacement by a factor proportional to a, where a is the radius of the rod. The only minor difference between these two modes is that in the case of a plate the Poisson effect is restricted to only one dimension normal to the plate, therefore, the dilatational wave velocity is ͱ1/(1Ϫ 2 )Ϸ1.05 times higher in a plate than in a rod. As the frequency increases, in both cases the phase velocity first drops proportionally to the square of frequency and then asymptotically approaches the Rayleigh velocity. In spite of these common features of the dilatational vibrations in thin plates and rods, the effect of fluid loading on the phase velocity of these two modes is quite different. Although the magnitude of the relative change in the phase velocity due to fluid loading is very small and practically negligible compared to the much stronger attenuation effect in both cases, the very fact that the sign of this velocity change is opposite deserves some attention. This fundamental difference in the effect of fluid loading on thin plates and rods can be easily demonstrated by inspection of the wellknown exact dispersion equations found at numerous places in the scientific literature. Although the change in velocity is usually neglected, there are many indications that fluid loading causes the phase velocity of the lowest-order symmetric mode in a thin plate to slightly increase while the phase velocity of the lowest-order axisymmetric mode in a thin rod drops due to fluid loading. We will demonstrate these effects using both numerical solutions of the exact dispersion equations and simplified approximate models to understand the physical differences between the two cases that lead to such an opposite behavior.
I. DISPERSION EQUATIONS AND NUMERICAL SOLUTIONS
First, we will demonstrate by numerically solving the respective exact dispersion equations that fluid loading has an opposite effect on the velocity of longitudinal waves in thin plates and rods. Wave propagation in fluid-loaded plates has been widely investigated. Schoch, 1 Osborne and Hart, 2 Merkulov, 3 Viktorov, 4 Pitts et al., 5 and Selezov et al. 6 have studied the effect of water loading on plates under a variety of conditions. Their results indicated that most modes are strongly attenuated by leaking into the fluid but their phase velocity is essentially unaffected. More recent studies by Nayfeh and Chimenti 7 and Rokhlin et al. 8 showed that in some special cases of significant importance in nondestructive characterization of composite laminates, when the density ratio between the solid and the fluid is relatively low, the change in the phase velocity of the lowest-order symmetric mode is not negligible and, in extreme cases, even the topology of the mode structure might change.
The exact dispersion equation describing normal mode propagation in an unbounded, isotropic plate immersed in a fluid is given in Refs. 2-5. For the symmetrical mode, the equation can be written as follows: convention, the attenuation coefficient of the guided wave is ␣ϭIm ͕k͖, i.e., the imaginary part of k must be positive. In contrast, the leaky field in the fluid must exponentially increase away from the plate, therefore the imaginary part of f must be negative. Figure 2 shows a plot of the relative change in the phase velocity of the lowestorder symmetric mode in an aluminum plate immersed in water as a function of normalized frequency. The solid line represents the relative change in the phase velocity due to fluid loading as obtained by numerically solving the exact dispersion equation given in Eq. ͑1͒. The density and compressional wave velocity for water were taken as f ϭ1000 kg/m 3 and c f ϭ1500 m/s, respectively. The density and longitudinal and shear wave velocities for aluminum were taken as s ϭ2770 kg/m 3 , c d ϭ6323 m/s, and c s ϭ3100 m/s, respectively. The relative velocity change is defined as the difference between the phase velocities of the fluid-loaded and free plates normalized to that of the lowfrequency asymptotic value of the phase velocity in the free plate, i.e., c 0 ϭͱE/͓ s (1Ϫ notes Young's modulus. Figure 2 clearly shows that, although the effect is obviously very small, the phase velocity of the lowest-order symmetric Lamb mode increases as a result of fluid loading on the plate.
Somewhat less attention has been given to the case of wave propagation in fluid-loaded rods. Most of the theoretical work in this area considered the more general cases of clad rods consisting of an isotropic core and an arbitrary number of isotropic coatings 9 or cylindrical shells. 10, 11 Simmons et al. 12 studied both leaky and true axisymmetric modes in infinitely clad isotropic rods. Their results were adapted to fluid-loaded isotropic rods by Nagy and Kent in order to assess the leaky attenuation in immersed fibers and wires. 13 Recently, Liu et al.
14 presented a viscoelastic model for the coupled motion in a thin solid rod and an infinite viscous medium surrounding it.
The characteristic equation of the axisymmetric longitudinal mode of an immersed rod can be derived from the more general case of an isotropic rod embedded in a solid matrix 12,13,15
where
and J 0 , J 1 , H 0 (1) , and H 1 (1) are first-kind Bessel and Hankel functions of the zeroth and first order, respectively. cally solving the exact dispersion equation given in Eq. ͑2͒. The same material parameters were used as before, however the velocity change caused by fluid loading was normalized to the low-frequency asymptotic value of the phase velocity in the free rod, i.e., c 0 ϭͱE/ s ϭc s ͱ2(1ϩ). Figure 3 clearly shows that the phase velocity of the lowest-order axisymmetric rod mode decreases as a result of fluid loading.
II. LOW-FREQUENCY ASYMPTOTES
Although the opposite effect of fluid loading on the phase velocity of dilatational waves in thin plates and rods can be easily demonstrated by inspection of the respective exact dispersion equations given in Eqs. ͑1͒ and ͑2͒, the underlying physics remains somewhat hidden. A better understanding can be gained by considering the low-frequency asymptotic behavior of the modes. For low frequencies, cot ͑͒ may be approximated by 1/. Substituting this asymptotic value along with the expressions for f , s , and
We can rewrite this approximate characteristic equation as f ϭ f 0 Ϫi f l , where
is the low-frequency asymptotic characteristic equation of the true mode in the free plate and
is the correction term which accounts for the loss via leakage into the fluid. When this leakage is weak, the characteristic equation can be approximated as follows:
where the prime indicates differentiation with respect to k, k 0 ϭ/c 0 denotes the wave number of the true lowest-order symmetric Lamb mode in the free plate, and c 0 ϭͱE/͓ s (1Ϫ 2 )͔ϭc s ͱ2/(1Ϫ) is the low-frequency asymptotic value of the phase velocity in the free plate. Substitution of f ϭ f 0 Ϫi f l into Eq. ͑6͒ gives
where f 0 (k 0 )ϭ0. Equation ͑7͒ can be solved for (kϪk 0 ) as
The relative change in the phase velocity can now be written as
Since f l (k 0 ) in the numerator is pure real, the imaginary part of the right side of Eq. ͑9͒ is due to the small imaginary part of its denominator. After some algebra, Eq. ͑9͒ can be further approximated to give
Using Eqs. ͑4͒, ͑5͒, and ͑10͒ we can obtain a low-frequency, weak-loading asymptote for the relative change in the phase velocity of the lowest-order symmetric mode in a plate as
͑11͒
If we further assume that c f Ͻc 0 Ͻc d , which is usually the case, the above expression simplifies to
The predictions of Eqs. ͑11͒ and ͑12͒ are also plotted in the previously shown Fig. 2 . Because of the neglected terms in the simplified approximation, it underestimates the relative change in the phase velocity by approximately 10% in the case of an aluminum plate immersed in water. Clearly, these asymptotic approximations capture the main features of fluid loading quite well at low frequencies and at the same time they provide simple explicit formulas for the relative velocity change in terms of the principal parameters involved. The change in velocity is proportional to the square of the density ratio between the fluid and the solid, indicating that the phenomenon is only a second-order effect which is negligible for most fluid-solid combinations. Osborne and Hart   2 showed that a first-order approximation predicts that the phase velocity of the lowest-order symmetric Lamb mode is not affected by fluid loading but properly predicts the attenuation due to leakage of energy into the surrounding fluid. It should be mentioned that Viktorov 4 presented a weakloading approximation for the relative change in the phase velocity of different Lamb modes. As an example, for the lowest-order symmetric mode in a thin aluminum plate immersed in water he cited a relative velocity change of ⌬ 
ϷϪ0.0005d
2 , where dϭk s d/2. For this case, Eq. ͑11͒ can be written as
Although, after rounding, Eq. ͑13͒ predicts the same value for the magnitude of velocity change caused by the fluid loading as given by Viktorov, the sign is opposite. We will confirm later via an independent physical model that the velocity change caused by fluid loading is actually positive as it is also shown elsewhere in the literature ͑see, for example, Fig. 5 in Ref. 8͒ . A similar asymptotic analysis can be carried out to obtain an explicit approximation for the relative change in phase velocity caused by fluid loading in a thin rod. For low frequencies, the exact dispersion equation given in Eq. ͑2͒ can be approximated by using J()Ϸ1 and H()ϷϪ ln(). 16 Substituting these asymptotic values into Eq. 2 yields
which can be separated, as we did for the case of the plate above, to the free and fluid-loading terms
For a rod f l (k 0 ) is essentially imaginary and f l Ј(k 0 ) is negligible with respect to f 0 Ј(k 0 ) in the denominator of the right side of Eq. ͑9͒, which simplifies the expression for the relative change in phase velocity to
͑17͒
where c 0 ϭͱE/ s in this case. Here, the denominator is pure real and the numerator can be made pure imaginary by taking the real part of the complex logarithmic function as
Re ͕ln(a f )͖ϭ ln(͉a f ͉). Substituting Eqs. ͑15͒ and ͑16͒ into Eq. ͑17͒, and after some further algebraic manipulation, we obtain a low-frequency, weak-loading asymptote for the case of a thin rod immersed in fluid as
where we can recognize the denominator as the square of the rod velocity, i.e., c 0 2 . The prediction of Eq. ͑18͒ is also plotted in the previously shown Fig. 3 . Again, the asymptotic approximation captures the main features of fluid loading quite well at low frequencies and provides a simple explicit formula for the relative velocity change in terms of the principal parameters. The change in velocity is linearly proportional to the density ratio between the fluid and the solid indicating that the phenomenon is a first-order effect which can be much stronger than the previously found second-order effect in the case of plates. More importantly for our immediate purposes, because of the logarithmic term, the change in velocity is always negative at low frequencies.
From many points of view, the above derived lowfrequency asymptotic approximations provide a deeper insight into how fluid loading affects the velocity of the dilatational wave in thin plates and rods. In contrast to the implicit exact dispersion equations, these results clearly separate the roles of the various parameters involved in the velocity change. In both cases, the magnitude of the velocity change is roughly proportional to the square of the characteristic dimension, frequency, and Poisson ratio. The only significant difference, beside of course the opposite sign, was found in the dependence on the density ratio between the fluid and the solid, which indicated that the fluid loading produces a first-order perturbation of the dilatational wave velocity in thin rods but only a second-order effect in thin plates.
III. PHYSICAL MODELS AND RADIATION IMPEDANCE
In order to obtain a better understanding of these differences, in this section we are going to introduce simple physical models that can directly relate the apparent change in the effective stiffness of thin plates and rods to the radiation impedance presented by the fluid loading. First let us consider how the effective complex stiffness Ẽϭ x / x and the radiation impedance are related for a thin plate immersed in fluid. For an isotropic solid, the constitutive equations are given as
In the case of an infinite plate we have z ϭ0 and y ϭϪp, where p denotes the pressure in the fluid so that Eq. ͑19c͒ gives z ϭ( x Ϫ p). The pressure in the fluid can be expressed in terms of the radiation impedance Z rad as follows:
Combining Eqs. ͑19͒ and ͑20͒ with the expression for z we get the complex stiffness as
where ϭZ rad d/2E. The first term is the well-known effective stiffness of the free plate while the second term is a weak perturbation caused by the fluid loading. The radiation impedance of a plate immersed in fluid is Z rad ϭ f / f , which is essentially real in the case of weak loading and can be approximated as Z rad Ϸ f c f / cos (), where sin () ϭc f /c 0 . 17 For c f Ӷc 0 , Z rad can be further approximated as f c f . Equation ͑21͒ is the effective complex stiffness in the low-frequency and weak-loading approximation. Since the radiation impedance of the plate is pure real, in a first-order approximation fluid loading does not affect the real part of the effective stiffness, i.e., the velocity of the dilatational mode in the plate. In order to assess the velocity change in a thin plate due to fluid loading, a second-order approximation must be obtained by expanding Eq. ͑21͒ for small arguments using 1/(1ϩ)Ϸ1Ϫϩ 2 ϩ0( 3 ). After some algebraic manipulations, we can write the effective stiffness in the general form of
where the real and imaginary parts of the correction term are ϭ ͫ 1Ϫ respectively. The relative change in the phase velocity ⌬ can be calculated from the effective stiffness as follows:
From Eqs. ͑23a͒ and ͑23b͒ we notice that and 2 are of the same order in , therefore both terms must be retained in Eq. ͑24͒. When combined with Eqs. ͑23a͒ and ͑23b͒, Eq. expression for the relative phase velocity change given by Eq. ͑25͒ to that of Eq. ͑12͒ derived from a low-frequency, weak fluid-loading asymptotic analysis of the exact dispersion equation for a plate immersed in fluid. This result shows that, due to the pure real nature of the radiation impedance, fluid loading increases the effective stiffness of the plate. Our model also indicates that a second-order approximation is necessary to account for the change in velocity of the lowestorder symmetric Lamb mode in an immersed plate. Similar calculations can be made to assess the effect of radiation loading on the effective stiffness of an immersed rod. For a fluid-loaded rod, y ϭ z ϭϪp and the pressure in the fluid is given as pϭϪia r Z rad . Substituting these equations into Eq. ͑19a͒ and assuming r ϷϪ x , one can write the effective complex stiffness for a thin rod immersed in fluid as
The radiation impedance of a pulsating cylinder is given as
At low frequencies, the radiation impedance can be approximated by
The real and imaginary components of the radiation impedance can be separated by using ln ( f a)ϭ ln (͉a f ͉) ϩi arg (a f ). At low frequencies, the dominating imaginary part is always negative corresponding to the positive accession mass m a ϷϪ f a ln (͉a f ͉) of the fluid. Of course the real part of the radiation impedance Ϫ f a arg (a f ) is positive since the argument of the complex f is always negative, as it was pointed out before. Since the radiation impedance is essentially pure imaginary, the relative change in the phase velocity can now be written as
͑29͒
Using Eqs. ͑26͒, ͑28͒, and ͑29͒ we get
which is the same as the low-frequency, weak-loading asymptotic expression previously given in Eq. ͑18͒. this result shows that, due to the essentially imaginary nature of the radiation impedance, fluid loading decreases the effective stiffness of the rod. In summary, it is well understood why transverse displacements due to the Poisson effect reduce the effective stiffness in a rod with respect to a plate and even more with respect to an infinite medium. It is also clear how mass loading reduces the effective stiffness of an immersed rod, thereby reducing the velocity of the longitudinal mode. It is less obvious why resistive loading increases the phase velocity of the longitudinal mode of a plate via a small imaginary component in the effective stiffness ẼϷE(1Ϫi). The lack of lucidity is due to the fact that since resistive loading does not affect directly the wave velocity we had to consider second-order perturbation to determine the change in phase velocity. It further complicates the physical interpretation that this change can be attributed to the sum of two small effects. First, the velocity ͑or wave number͒ of an attenuated wave is inherently complex cϭ ͱ Ẽ/ϭc r ϩic i , therefore its phase velocity c phase Ϸc r ϩc i 2 /c r is always higher than the real part of the velocity. Second, the real part of the complex velocity itself increases in the second order because of the square-root relationship between the complex velocity and the complex stiffness ͱE(1Ϫi)ϷͱE(1Ϫi/2ϩ 2 /8•••).
IV. CONCLUSIONS
In spite of the fundamental similarities between the dilatational vibrations of thin plates and rods, fluid loading exerts an opposite effect on their respective phase velocities. Although the magnitude of the relative change in the phase velocity due to fluid loading is usually very small and practically negligible compared to the much stronger attenuation effect in both cases, the very fact that the sign of the velocity change is opposite motivated our effort. Both numerical and asymptotic analytical inspection of the known exact dispersion equations revealed that at low frequencies fluid loading slightly increases the phase velocity of the lowest-order symmetric Lamb mode propagating in a thin plate, while it decreases that of the lowest-order axisymmetric mode of a thin rod. These conclusions were also confirmed by a physical analysis that showed that the somewhat unexpected opposite effect of fluid loading on immersed rods and plates is caused by the different nature of radiation loading. First-order approximation of the effective complex stiffness, and therefore the relative change in the phase velocity, is sufficient in the case of a rod, whereas a second-order approximation is necessary to account for this effect in the case of a plate. This is due to the fact that, at very low frequencies, the rod possesses a complex radiation impedance with a dominating reactive part in contrast to the essentially resistive radiation impedance of a plate.
